In this paper we investigate the mapping properties of periodic Fourier integral operators in L p (T n )-spaces. The operators considered are associated to periodic symbols (with limited regularity) in the sense of Ruzhansky and Turunen.
Introduction
In this paper we investigate the L p -boundedeness of periodic Fourier integral operators (also called Fourier series operators). Let us consider the n-dimensional torus, T n := R n /Z n , and let us choose a suitable function a : T n × Z n → C. Then the periodic Fourier integral operator associated to, the so called symbol, a is formally defined by the series
where F T n f is the toroidal Fourier transform of f. These operators where introduced by M. Ruzhansky and V. Turunen in [37, Chapter 4] and they appear in solutions of hyperbolic differential equations with periodic conditions (see [37, Pag. 410] ). In this paper we consider the question of that the conditions on the symbol a and on the phase function φ are so that the operator A extends to a bounded operator on L p (T n ).
Periodic Fourier integral operators are analogues on the torus of Fourier integral operators (FIOs) on R n , which have the form F f (x) := R n e iφ(x,ξ) a(x, ξ)(F R n f )(ξ)dξ, (1.2) where F R n f is the Fourier transform of f, or more generally of FIO formally defined by
e iφ(x,ξ)−iy·ξ a(x, y, ξ)f (y)dydξ. (1.3) FIOs are used to express solutions to Cauchy problems of hyperbolic equations and transform operators or equations to other simpler ones according to Egorov's theorem (see Hörmander [23] ). The problem of finding mapping properties of FIOs on L p -spaces have been extensively investigated. The case where the phase function is given by φ(x, ξ) = x·ξ and the symbol a(x, y, ξ) = a(x, ξ) is considered in the variables (x, ξ) reduces the problem to pseudo-differential operators and Fourier multipliers [22, 23, 25] . In this case symbol inequalities of the type |∂ β x ∂ α ξ a(x, ξ)| ≤ C α,β (1 + |ξ|) −mp−ρ|α|+δ|β| , m p = n(1 −ρ)|1/p −1/2|, 0 ≤ δ < ρ ≤ 1 (1.4) are sufficient conditions for the L p -boundedness of T. The historical development of the boundedness properties for pseudo-differential operators on L p -spaces can be found in Wang [46] .
In the case of general phases, according to the theory of FIO developed by Hörmander [21] , the functions φ are positively homogeneous of order 1 and smooth at ξ = 0, and the symbols are considered satisfying estimates of the form sup (x,y)∈K |∂ β x ∂ α ξ a(x, y, ξ)| ≤ C α,β,K (1 + |ξ|) κ−|α| (1.5) for every compact subset K of R 2n . So, as it was pointed out in [36] , L p -properties of FIO can be summarized as follows.
• If κ ≤ 0, then T is (L 2 comp , L 2 loc )-bounded (Hörmander [21] and Eskin [18] ). • If k ≤ −(n − 1)|1/p − 1/2|, then T is (L p comp , L p loc )-bounded (Seeger, Sogge and Stein [41] ).
• If k ≤ −(n − 1)/2, then T is (H 1 comp , L 1 loc )-bounded (Seeger, Sogge and Stein [41] ).
• If k ≤ −(n − 1)/2, then T is locally weak (1, 1) type (Tao[44] ).
• Other conditions can be found in Miyachi [28] , Peral [32] , Asada and Fujiwara [2] , Fujiwara [19] , Kumano-go [24] , Coriasco and Ruzhansky [10, 11] , Ruzhansky and Sugimoto [33, 34, 35, 36] and Ruzhansky [40] . The boundedness and the compactness on L 2 for a class of these operators but with a general class of symbols can be found in [27] and [6] . However the boundedness on L 2 and L p of these classes of operators but with semi classical parameter can be found on [17] and [20] • A periodic version for the L 2 -result by Hörmander and Eskin mentioned above, was proved by Ruzhansky and Turunen (see Theorem 1.3) . See also dispersive estimates for FIOs in Ruzhansky and Wirth [39] .
Our results are proved in the framework of periodic operators on the torus T n . The subject was developed by several authors over decades (see Agranovich [1] , McLean [26] , Turunen and Vainikko [45] , Ruzhansky and Turunen [38] ) and generalized to arbitrary compact Lie groups in the fundamental book [37] by Ruzhansky and Turunen. The first step in the analysis on the torus is the definition of periodic pseudo-differential operators, which are linear operators of the form
(1.6)
The calculus of pseudo-differential operators has been treated, e.g., in [38, 37] and its mapping properties on L p (T n )-spaces can be found in the works of the first author [7, 8, 9] , in Delgado [12] and Molahajloo and Wong [29, 30, 31] . It is important to mention that L p -estimates for pseudo-differential operators on compact Lie groups (e.g., the n-dimensional torus T n or the compact Lie groups SU(2), SO(3), etc...) can be found in Delgado and Ruzhansky [13] . The main theorems in this paper are the following results. The first one transfers the boundedness of FIOs to periodic Fourier integral operators (FSOs).
Let us assume that φ is a real valued continuous function defined on T n × R n . If a : T n × R n → C is a continuous bounded function and the Fourier integral operator
extends to a bounded operator on L p (R n ), then the periodic Fourier integral operator
also extends to a bounded operator on L p (T n ). Moreover, some constant C p satisfies A B(L p (T n )) ≤ C p T B(L p (R n )) .
In the following result we establish the boundedness of periodic FIOs. The corresponding announcement is the following. The operator ∆ ξ is the usual difference operator acting on sequences. Theorem 1.2. Let us assume that φ : T n × R n → R is a real-valued phase function positively homogeneous of order 1 in ξ = 0. Let us assume that ∂ γ ′ x ∂ γ ξ φ ∈ S 0 0,0 (T n × R n ) when |γ| = |γ ′ | = 1 and the symbol inequalities
holds true. Then, the periodic Fourier integral operator A := A φ,a : L p (T n ) → L p (T n ) extends to a bounded operator for all 1 < p < ∞.
Theorem 1.2 gives the L 2 -boundedness of periodic FIOs privided that µ ≤ 0. Our conditions however are different of the following L 2 -result due to Ruzhansky and Turunen. Theorem 1.3 (Ruzhansky-Turunen). Let us assume that φ : T n × Z n → R is a real-valued phase homogeneous of order 1 in ξ = 0. Let us assume that ∆ γ ξ φ ∈ S 0 0,0,2n+1,0 (T n × R n ) when |γ| = 1 and the symbol inequalities |∂ β x a(x, ξ)| ≤ C, |β| ≤ 2n + 1, (1.10)
holds true. Assume also that
Then, the periodic Fourier integral operator A := A φ,a : L 2 (T n ) → L 2 (T n ) extends to a bounded operator.
In relation with the L 2 -results mentioned above, we present the following dispersive estimate for a family of periodic Fourier integral operators of the form
The corresponding assertion is the following.
Theorem 1.4. Let us consider the parametrized family of series Fourier operators
Let us assume that φ(t, x, ξ) is real-valued, 1-homogeneous in ξ, 1-periodic in x, and satisfies
14)
for all x ∈ T n , ξ = 0, and for 1 ≤ |β|, |α| ≤ 2n + 2. Let us assume that a(t, x, ξ) is supported in t|ξ| ≥ C for some constant C > 0 and that
Since the phase functions φ are usually considered 1-homogeneous in ξ, i.e., φ(x, λξ) = λφ(x, ξ) we prefer to work with phase functions defined on T n × R n instead of phase functions on T n × Z n . So, our conditions on phase functions have continuous nature. This paper is organized as follows. In Section 2 we present some topics about the toroidal Fourier analysis and the periodic analysis of pseudo-differential operators due to Ruzhansky and Turunen. Later, we prove our main results.
Preliminaries
In this section we present some preliminaries on the periodic analysis of pseudodifferential operators and FSOs. The main object in the periodic analysis is the n-dimensional torus where the functions are defined.
Definition 2.1 (The torus). The torus is the quotient space defined as follows:
where Z n denotes the additive group of integral coordinates (the addition being, of course, the one derived from the vector structure of R n ). Now, we recall the notion of periodic functions on the torus because FSOs act on 1-periodic functions.
for every x ∈ R n and k ∈ Z n .
We consider these functions to be defined on T n .
The space of 1-periodic m-times continuously differentiable functions is denoted by C m (T n ). We denote by
Remark 2.5. The topology on S(Z n ) is given by the seminorms p k , where k ∈ N 0 and p k (φ) = sup ξ∈Z n ξ k φ(ξ).
Definition 2.6 (Tempered distributions S ′ (Z n )). The continuous linear functionals on S(Z n ) are of the form:
The Fourier transform furnishes the spectrum of the derivative operator. So, since FSOs are motivated by applications to PDEs we need the Fourier transform.
Definition 2.7 (Toroidal Fourier transformation F T n ). The toroidal Fourier transformation is defined by:
Then, F T n is a bijection and its inverse is given by:
Now, we recall the definition of periodic Lebesgue spaces.
For p = ∞, let L ∞ (T n ) be the space of all complex functions u such that:
The instrumental tool in the theory of FSOs is the notion of periodic symbol. Indeed, symbols allow us to classify operators by analytical and geometrical properties. For this, we need the following definition.
Now, we recall the notion of discrete derivatives (difference operators).
Definition 2.10. Let σ : Z n → C and 1 ≤ i, j ≤ n. Let δ j ∈ N n 0 be defined by:
We define the forward and backward partial difference operators ∆ ξ j and ∆ ξ j respectively, by:
Now, we consider symbols in C ∞ (T n × Z n ). These classes are motivated by the treatment of (periodic) elliptic and hypoelliptic properties problems.
Then the toroidal symbol class S m ρ,δ (Z n × T n ) consists of those functions a(x, ξ) ∈ C ∞ (Z n × T n ) and satisfy the toroidal symbol inequalities:
for every x ∈ T n , for every α, β ∈ N n 0 and for all ξ ∈ Z n . Proposition 2.12 (Difference formula for symbols).
The basic example of FSOs are pseudo-differential operators. We recall the following definition (see [37] ). Definition 2.13 (Toroidal pseudo-differential operators). If a ∈ S m ρ,δ (Z n × T n ), we denote by a(X, D) = Op(a) the corresponding toroidal pseudo-differential operator (PDO or ΨDO) defined by:
(2.1)
The series (2.1) converges, e.g., if f ∈ C ∞ (T n ). The set of operators Op(a) of the for f ∈ C ∞ (T n ).
We present, in its more general form, the definition of FSOs. where a ∈ C ∞ (T n × T n × Z n ) is a toroidal amplitude and φ is a real-valued phase function such that x → e 2πi(φ(x,ξ) is 1-periodic for all ξ ∈ Z n . In this paper we also use the term periodic Fourier integral operators for FSO.
In our further analysis we will use the close relation between toroidal symbols (in the sense of Ruzhansky and Turunen) and periodic Hörmander classes. We introduce such classes as follow.
Definition 2.16 (Periodic symbol class S m ρ,δ (T n ×R n )). Symbols in S m ρ,δ (T n ×R n ) are symbols in S m ρ,δ (R n × R n ) (see [22, 37] ) of order m which are 1-periodic in x. If a(x, ξ) ∈ S m ρ,δ (T n × R n ), the corresponding pseudo-differential operator is defined by
3)
A look at the proof of Theorem 4.5.3 of [37] show us that a more general version is valid for toroidal symbols with limited smoothness as follows (see Corollary 4.5.7 of [37] ):
4)
for |α| ≤ N 1 and |β| ≤ N 2 . Then the restrictionã = a| T n ×Z n satisfies the estimate
5)
for |α| ≤ N 1 and |β| ≤ N 2 . The converse holds true, i.e, if a symbolã(x, ξ) on T n × Z n satisfies (ρ, δ)-inequalities of the form
6)
thenã(x, ξ) is the restriction of a symbol a(x, ξ) on T n × R n satisfying estimates of the type
Let us denote Ψ m ρ,δ,N 1 ,N 2 (T n × Z n ) to the set of operators associated to symbols satisfying (ρ, δ)-estimates for all |α| ≤ N 1 and |β| ≤ N 2 , and Ψ m ρ,δ,N 1 ,N 2 (T n × R n ) defined similarly. Then we have the following equivalence (see Theorem 2.14 of [12] ):
In the next section we generalize the following classical result (see Theorem 3.8 of Stein and Weiss [42] ). is a bounded operator from L p (T n ) into L p (T n ).
It is important to mention that vector valued pseudo-differential on the torus can be found in [4] and references therein. The reference [9] presents a complete classification for periodic pseudo-differential operators on L p -spaces.
Periodic Fourier integral operators with invariant symbols and transference theorems
In this section we establish L p -theorems for periodic Fourier integral operators with invariant symbols and we prove a theorem of transference of boundedness from FIOs to FSOs. Periodic Fourier integral operators (FSOs) with invariant symbols are operators of the form Af (x) := ξ∈Z n e iφ(x,ξ) a(ξ)(F T n f )(ξ).
(3.1)
If we fix a phase function φ defined on T n × Z n , we denote F φ,p (T n ) to the set of invariant symbols a : Z n → C with periodic Fourier integral operator A bounded on L p (T n ). We define on F φ,p (T n ) the natural norm
Our main theorem in this section is the following generalization of one classical result for Fourier multipliers (see Theorem 2.19 or Theorem 3.8 of Stein and Weiss [42, Chapter VII]). The corresponding announcement for FSO with possibly noninvariant symbols is the following. Theorem 3.1. Let 1 < p < ∞. Let us assume that φ is a real valued continuous function defined on T n × R n . If a : T n × R n → C is a continuous bounded function and the Fourier integral operator
also extends to a bounded operator on L p (T n ). Moreover, some constant C p sat-
We begin with the proof of this result by considering the following technical lemma. provided that ǫ m → 0.
Proof. By using Lemma 3.9 of [42] we have for every m ∈ N
Now, taking into account that the sequence {g m } is uniformly bounded, an application of the dominated convergence theorem gives By linearity we only need to prove (3.6) when P (x) = e i2πmx and Q(x) = e i2πkx for k and m in Z n . The right hand side of (3.6) can be computed as follows,
Now, we compute the left hand side of (3.6). Taking under consideration that the euclidean Fourier transform of P (x)w αε is given by
by the Fubini theorem we have So, we have lim ε→0 ε n/2 Taking into account that R n e −|η| 2 dη = π n/2 , and that a is a continuous bounded function, by the dominated convergence theorem we have lim ε→0 ε n/2 R n T (P w εα )Q(x)w εβ (x)dx = (π/β) n/2
T n e iφ(x,m)−i2πkx a(x, m)dx.
If we assume that T is a bounded linear operator on L p (R n ), then the restriction of A to trigonometric polynomials is a bounded operators on L p (T n ). In fact, if α = 1 p and β = 1 p ′ we obtain
Because the restriction of A to trigonometric polynomials is a bounded operator on L p (T n ) this restriction admits a unique bounded extension on L p (T n ). So, we finish the proof.
Remark 3.3. From the proof of the previous theorem, let us observe that the constant C p as in (3.4) can be estimated by C p ≤ T B(L p ) ( 1 πp ′ ) n/2 . Remark 3.4. As it can be observed from the proof of the previous theorem, the assumptions on the boundedness of the second argument in the phase function and the symbol a can be imposed only on ξ ∈ Z n . Now, we present a sufficient condition in order to extend the boundedness of FSOs with invariant symbols to FSOs with non invariant symbols. extends to a bounded operator on L p (T n ).
Proof. We give a mild proof of this announcement. For every z ∈ T n , we define the operator (with invariant symbol) given by
Taking into account the identity A x f (x) = Af (x) and by the Sobolev embedding theorem we have
So, we finish the proof.
Boundedness of periodic Fourier integral operators
In this section we present sufficient conditions for the L p -boundedness of FSOs. Instead of the conditions presented in the previous section now we consider symbol criteria for the boundedness of these operators.
Our main theorem in this section is the following.
Theorem 4.1. Let us assume that φ : T n × R n → R is a real-valued phase function positively homogeneous of order 1 in ξ = 0. Let us assume that ∂ γ ′ x ∂ γ ξ φ ∈ S 0 0,0 (T n × R n ) when |γ| = |γ ′ | = 1 and the symbol inequalities
Theorem 4.1 is an analogue (with conditions of limited regularity in the spatial variables) of one proved by M. Ruzhansky and S. Coriasco [10, 11] . The corresponding assertion is the following. Theorem 4.2. Let us assume that φ : R n × R n → R is a real-valued phase function positively homogeneous of order 1 in ξ = 0. Let us assume that ∂ γ ′ x ∂ γ ξ φ ∈ S 0 0,0 (R n × R n ) when |γ| = |γ ′ | = 1 and the symbol inequalities
2) holds true for all α, β, γ ∈ N n 0 provided that m 1 + m 2 = m ≤ m p = −n| 1 p − 1 2 |. Then, the Fourier integral operator T := T φ,a : L p (R n ) → L p (R n ) extends to a bounded operator for all 1 < p < ∞. 
where the constants C α,β where defined in (4.2), and ℓ is a positive real large enough.
Proof of Theorem 4.1. Now, we can use the machinery developed in the previous section. If a is an invariant symbol satisfying |∆ α ξ a(ξ)| ≤ C α,β ξ µ−α , µ ≤ µ p := −(n − 1)| 1 p − 1 2 |, by Corollary 2.17 there existsã : R n → C such that |∂ α ξ a(ξ)| ≤ C α,β ξ µ−α , µ ≤ µ p := −(n − 1)| 1 p − 1 2 | and a =ã| Z n . Taking this into account the Fourier integral operator T = T φ,a associated to φ and to the invariant symbolã is bounded on L p (R n ) (in fact T satisfies the hypothesis in Theorem 4.2). So, by Theorem 3.1 A extends to a bounded operator on L p (T n ) and from (4.3) we have
where the constants C α are defined by the condition
So, we finish the proof for this case. Now, if the symbol a(x, ξ) depends on x, let us define for every z ∈ T n , the operator (with invariant symbol) given by So, if we apply Theorem 3.5 we finish the proof.
Dispersive estimates for periodic Fourier integral operators
Int his section we prove some dispersive L 2 -estimates for a parametrized family of periodic Fourier integral operators of the form,
Our starting point is the following result due to M. Ruzhansky and J. Wirth [39] . Let us assume that φ(t, x, ξ) is real-valued, 1-homogeneous in ξ and satisfies
3) for all x ∈ R n , ξ = 0, and for 1 ≤ |α|, |β| ≤ 2n + 2. Let us assume that a(t, x, ξ) is supported in t|ξ| ≥ C for some constant C > 0 and that |∂ β x ∂ α ξ a(t, x, ξ)| ≤ C α,β t −|β| , t ≥ t 0 > 0, |α|, |β| ≤ 2n + 2. (5.4)
Then, the family T t f (x), 0 < t 0 ≤ t < ∞, is uniformly bounded on L 2 (R n ).
Moreover
Now, we present the following result for parametrized families of periodic Fourier integral operators. Let us assume that φ(t, x, ξ) is real-valued, 1-homogeneous in ξ, 1-periodic in x, and satisfies | det(I + t∂ x ∂ ξ φ(t, x, ξ))| ≥ C 0 > 0, |∂ β x ∂ α ξ φ(t, x, ξ)| ≤ C α,β t −|β| , t ≥ t 0 > 0, (5.7) for all x ∈ T n , ξ = 0, and for 1 ≤ |β|, |α| ≤ 2n + 2. Let us assume that a(t, x, ξ) is supported in t|ξ| ≥ C for some constant C > 0 and that |∂ β x ∆ α ξ a(t, x, ξ)| ≤ C α,β t −|β| , t ≥ t 0 > 0, |α|, |β| ≤ 2n + 2. (5.8)
Then, the family A t , 0 < t 0 ≤ t < ∞, is uniformly bounded on L 2 (T n ).
Proof. If a(t, x, ξ) is an toroidal symbol satisfying |∂ α x ∆ β ξ a(t, ξ)| ≤ C α,β t −|α| , t ≥ t 0 > 0, |α|, |β| ≤ 2n + 2, (5.10) by Corollary 2.17 there existsã : [t 0 , ∞) × T n × R n → C such that |∂ α x ∂ β ξ a(t, x, ξ)| ≤ C α,β t −|α| , t ≥ t 0 > 0, |α|, |β| ≤ 2n + 2, (5.11) and a(t, ·, ·) =ã(t, ·, ·)| T n ×Z n . Taking this into account, the family of Fourier integral operators T t = T φ,a(t,·) associated to the phase φ and to the symbol a(t, x, ·), is uniformly bounded on L 2 (R n ) (in fact, the family T t satisfies the hypothesis in Theorem 5.1). So, by Theorem 3.1, the parametrized family A t extends to one uniformly bounded on L 2 (T n ) and from (4.3) we have
